§ Curves and Arc Leugﬂ« ( do Carmo £1.2,13)
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Queﬁ-‘on; What is a curve (m R7) ?
There ave two different woys to think of a carve:

(I) as a Seometv.‘c locuws OR (X) es +he Paﬂt described
bj a movfuj ‘aqrh‘cle
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PQWQ"‘“ We are w\os‘ﬂﬂ interested W +he seome*r"c S“\d\’e

0{: 0 Curv€ as w (I), but (I) s movre useful stuce we can
bﬂ‘u_s v the +ools from Caleulus to describe +ie 3eomeén‘c
behaviour. Tt is like 5iv|'v~3 a coordinate sj:*em" alOws a

Curve whic allows caleulations € be dowe .

o0
‘_)if?m"h‘av\: [a] ( swmooth Paramehn'zec\) curve iS a C wap
$: T — R

o () = (x&),Yt),z(¢)

wheve LC R s a (cownected) open intewal , which is

possﬂo\j unbounded .



-l'mnsewl’ vector
of X at tel

X)) = (X@), Y@, 2®)

mage () = o(I) € .
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Note: e say +hat o : TR} is a plane curve f
“+here exists a p\aue e - ﬁ\’g st. a(T)e P.
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Pfter o n‘sid mOtion (ro‘l'ah‘on-t £ranslation) in R,

We con assume that P = Xj—‘:lane , .e.
2
ox: TR .
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ok (+) = (x¢), Yy, 0)

Re,wmvks : 1) A cuwe wmay hWave Self -mtevsechons , 1-@.
® moy) net be 1-1.

Eg. a:R= R wt) = (-4t ,t-4)
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2) The trace c‘f ol may net be Swooth .

E—S; on:fR— l?‘z ., o) = ('t's,t.‘)

trace (X) = {9:)(;/’5
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There are three impostant curves which we will keep

W\eM'Howinj fom time o ‘t‘wme .

Examplc T- g‘hm‘sh* liveS
ol: R— R3 ()= F+tp

'S a line -ﬁhnm’h 1. awd Pam"cl +o r .

Exa"‘l"e T : Civeles

@\

ol: IR = l'Rz

)= C+ 7 (cost,sint)
crglgof radius 7 S0 centeved ot .

Exawple W= Helix
o: R = R3

oL(t) = (cost,sint, t)
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P wmore comp\iCated exomple: Cujc\oro(

‘?‘ O(:R—?ﬂ?‘

—7 X

Alt) = (t,1) + (-sit, -cost) = (t-sint, L -cest)
—
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Definition = L et d:I—?aRg be a curve ,ond Cablc 1.

e lens{-h of ¢ frown A 0 b TS defved as

b b
Lalaty:= [ |’ at
a

?emavk: The hotven of |eu5+|n defined abeve 3eoweh"'€&|

as it depends only ow +e geowetric locus of e

S
Curve . Moarve ?tecisz\") [ +he \“5“‘ aF a cure

< +.. .
nvariant under n‘ss‘cl motions ond reparametrization

We now explatih +hese 4wo concepts,
M’—‘- Arc lengen of helix fHom Example I

21 W 2%
Lo (o) = L |\ dt = L [Zdt = 2R«



